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SUMMARY

A model for extreme-value wind-velocity profiles based on the multivariate
Gaussian (joint normal) distribution of the horizontal components of wind veloc-
ity is presented. These profiles can be constructed rapidly and objectively
wherever the parameters of the wind distribution are known, and they can be
tailored to a specific location, season, launch azimuth, and critical altitude.
Some examples of these profiles are shown and discussed. In addition to the
usual design-criterion profile, methods of constructing extreme-value profiles
for launching criteria are presented, and the application of these profiles in
aerospace vehicle operations is indicated. Derivation of the equations used to
construct the profiles and derivation and discussion of confidence limits are
presented in appendixes.

INTRODUCTION

The passage of vertically rising vehicles through rapidly varying horizontal
winds induces loads and control disturbances which are important to the design
and operation of these vehicles. A complete solution of the resulting problems
requires treatment of both the large-scale and the small-scale variations of wind
with height. The present report treats the large-scale variations (Wave lengths
greater than about 1 kilometer) which can be derived from standard radiosonde
data. No completely satisfactory method of treating the entire spectrum of dis-
turbances has yet been developed, partly because of the lack of adequate data
concerning the small-scale variations of the wind with height, and partly because
of the mathematical difficulties in the analysis of the response of a nonlinear
time-variant system to a nonstationary random input. These problems are under
attack (refs. 1 to 5), but it appears that a satisfactory overall solution still
lies in the future.

The technique described herein provides an objective method for the effi-
cient utilization of the great amount of large-scale wind data which are now
available. Joint normal (Gaussian) distributions fitted to available wind data
are used to obtain conditional distributions which define the probability of
simultaneous occurrence of extreme wind velocity and extreme wind shear (change
of wind with height) for various layer thicknesses. These extreme values are



then combined into a synthetic wind profile which can be used in load or control
disturbance calculations.

Advantages of this technique as compared to those previously in use are as
follows:

(1) Profiles can be rapidly constructed to fit the special requirements of a
particular situation. This is especially important for space systems for which
there may be a very limited number of launches of a particular vehicle configura-
tion, and performance may be increased by designing to the particular conditions
applying to these launches.

(2) The use of a fitted-model distribution produces more stable estimates
of the extremes than empirical methods; that is, they are less likely to be
drastically changed by a few additional data. Furthermore, they are less sensi-
tive to large errors in the small number of very large winds.

(%) The use of components rather than magnitudes eliminates a source of
overconservatism which is present in all profiles based on the total wind speed.
It also permits pitch-plane and cross-range loads to be studied separately and
realistically. '

(&) Complete realistic launch-criterion profiles may be obtained by this
technique. These launch-criterion profiles are of particularly great importance
when vehicles are designed to a 90-percent or 95-percent criterion and when a
much higher probability of success is desired for actual launch.

tent criteria for various locations and situations and which also provide launch
criteria that are consistent with the design criteria. Thus, this method facili-
tates the designing of vehicles for various missions and various conditions to a
single standardized set of wind statistics.

SYMBOLS

a,b orthogonal components of horizontal wind velocity in a coordinate
system which has been rotated through an angle 8 from true north

() frequency function, or probability density function, of designated
variable

( ;) Joint frequency function of two designated varisbles

N number of observations used in determining a statistical estimate

n number of standard deviations from mean which include a given
probability

u west-to-east (zonal) component of wind velocity



v south-to-north (meridional) component of wind velocity

Z normalizing transformation of correlation coefficient of normal
variables

zZ height above earth's surface

e( ) error of designated quantity

0 angle of rotation of coordinate system clockwise from true north

ol correlation coefficient; represents either the estimated value or

the unknown population value

c standard deviation; represents either the estimated value or the
unknown population value

Subscripts:

a refers to component of velocity a

b refers to component of velocity D

i refers to value of variable at key or reference height level

J refers to value of variable at height level above or below key level

Jg:i conditional value of variable at height level zj contingent upon
occurrence of given value of variable at key height level zj

u refers to component of velocity u

v refers to component of velocity v

Superscripts:

* indicates extreme value

— mean value of variable; represents either the estimated value or the
unknown population value

BASIS FOR STATISTICAL MODEL PROFILES

Synthetic Profiles

The usual representation of extreme wind and wind-shear (change of wind with
height) conditions for vehicle design purposes is a synthetic wind profile, such
as those in references 6 to 9. These profiles are constructed to represent, for
some reference level, the most severe wind and wind-shear conditions expected in
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some given large percentage of cases, for example, 99 percent. The response of
the vehicle to this extreme condition is then determined by a mathematical simu-
lation of vehicle flight through this artificial profile. TInasmuch as this pro-
cedure furnishes the extreme loads only in the vicinity of the key or reference
level, it is necessary to use profiles having a number of different key levels
in order to include =11 of the critical-flight rerions.

A fundamental limitation of synthetic profiles is their inability to simu-
lute the resonant excitation of the fundamental structural modes of the vehicle.
Furthermore, short wave-length wind disturbances which produce this excitation of
vehicle vibration modes have been filtered out of the radiosonde wind data, which
constitute the only presently available sample of wind data large enough to permit
statistical treatment. Thus, the small-scale, or gust, component must be treated
separately, and the resulting loads must be combined with the loads from the syn-
thetic profile. Methods of treating these small-scale disturbances are outside
the scope of the present report; it is merely pointed out that some treatment of
these disturbances is a necessary part of the complete solution.

Several synthetic wind profiles which have been used in the past are shown
in figure 1. All of these have been used to design vehicles which have been
launched at Cape Canaveral, and all are intended to represent a 99-percent proba-
bility level. Nevertheless, considerable differences among the various profiles
are apparent. Although some of these profiles are military criteria and are
intended to represent the most severe wind conditions for the entire United
Sates, the greatest differences occur between profiles specifically intended for
Cape Canaveral. These differences may be attributed to the limited amount of
data available and to the fact that many of the highest winds which actually
occur are not measured because the balloons used to measure the wind profiles
have been blown beyond the horizon; and even when a balloon is not beyond the
horizon, in high-wind situations it is generally at a very low elevation angle,
which results in unusually large errors in the measured winds. (See refs. 10
and 11.)

The large differences noted in figure 1 demonstrate the need for consistent,
stable estimates of extreme wind conditions. The use of a fitted statistical
model of the wind distribution furnishes estimates of extreme conditions which
are much more stable than empirical values. Tt also allows objective construc-
tion of the synthetic profiles which provides consistent criteria for wvarious
locations and situations.

Statistical Wind Distribution

The form of the statistical wind distribution has been the subject of con-
siderable study; for example, see references 12 to 16. It has been found that
the distribution of wind velocity at a given height can be closely approximated
by a vector normal (Gaussian) distribution, that is to say, a Jjoint normal dis-
tribution of velocity components. Because, in the general case, lines of equal
probability form ellipses, this general case 1is frequently referred to as an
elliptical normal distribution. In the special case where the components are
uncorrelated and have equal standard deviations, these ellipses reduce to circles,
and this special case is called a circular normal distribution. At many locations
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the wind-velocity distribution can be closely approximated by a circular normal
distribution, but at some locations it is necessary to use the more general
elliptical normal form.

It is also found that wind components at different heights are correlated.
Since the wind components at the different heights are individually normally
distributed and are correlated, their joint distribution may also be treated as
a joint normal distribution. This makes 1t possible to determine conditional or
contingent distributions - that is, the distributions of wind components at one
altitude contingent upon occurrence of a particular value at the other altitude.
These conditional distributions, which can be found by standard statistical
techniques described in appendix A, form the basis for the construction of the
synthetic wind profiles from the statistical model of the wind distribution.

CONSTRUCTION OF SYNTHETIC PROFILES FROM PARAMETERS

OF THE MULTIVARIATE NORMAL DISTRIBUTION

In this section the methods of constructing synthetic profiles from the
parameters of multivariate normal distribution are outlined both for design-
criterion profiles and for launch-criterion profiles. The mathematical deriva-
tions of equations given in this section are given in appendix A. The method of
construction given here involves finding the highest value of the wind-velocity
component at the key or reference level z;i which will occur within the given
probability level, and then finding for each other level 1zj above and below the

key level the lowest value of the wind-velocity component which will occur within
the given probability if this highest value occurs at the key level. For zj
below the key level, this lowest wind component corresponds to the highest posi-
tive wind shear between the level Z3 and the key level 1zi, and for Z3 above

the key level, this lowest component corresponds to the highest negative wind
shear between zj and 2zj; these conditions generally produce the most severe

loads. It should be noted that this conditional extreme shear will usually be
greater than the extreme of all the shears for the critical altitudes of present-
day vehicles and for United States missile ranges, although it is not necessarily
greater for all altitudes or for all locations; nor, is it necessarily greater
than the extreme of all shears taken without regard to sign. Generally, however,
it is a more accurate representation of the extreme loading condition. A deriva-
tion and discussion of confidence limits for the statistical-model synthetic pro-
files is presented in appendix B.

Design-Criterion Profiles
Equations for profile construction.- Profiles which satisfy the conditions

just described can be constructed by substituting appropriate values into the
following equations:
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where b* 1is the extreme value of the tail wind in the pitch plane of a vehicle
launched in direction 8 (measured clockwise from true north) and a* is the
extreme value of the left-to-right cross-wind component which will occur within

a given probability; Uy ﬁg, Vi, and VE are the mean values of the west-to-

east and south-to-north components of the wind velocity at levels zi and 23,

respectively; o o] cvi, and ij are the standard deviations of the com-

ui” uJ-»'
ponents u and v at z; and 235 and puivi’ pujvj’ puiuj’ and pViVj are
the correlation coefficients between the indicated wind components at the indi-
cated helights. Extreme tail-wind components and extreme right-to-left cross-wind

components can be found by making a 180° change in the angle 9.

For the west-to-east and south-to-north components, equations (1) to (4) can
be reduced to

#* — 2
Uyt = Uy o+ 00y ey -1 - Py, (5)
J J U.J puluJ U‘luJ
and
vi* = ¥ + no, -/1-0 e (6)
J J SARAAS ViV
where ui* and Vi* are found by setting uj =ui, Vy = vy, and
puiuj = pvivJ = 1.



Sources of wind-distribution parameters.- The required parameters of the
wind distribution (that is, the mean values, the standard deviations, and the
correlations) may be obtained from several sources. A number of tabulations of
these parameters have recently been published for several locations of interest
(for example, refs. 1T to 21) and others are currently being prepared by various
groups. Where required, additional tabulations can be prepared from climatologi-
cal wind data from standard climatological sources, such as the National Weather
Records Center, Asheville, North Carolina, or the World Meteorological
Organization, Geneva, Switzerland. When new tabulations are made from standard
climatological data, a considerable amount of effort must be devoted to recompu-
tation and serial completion of raw wind data in order to obtain reliable sta-
tistical values.

Construction of Launch-Criterion Profiles

Design-criterion profiles based on climatological data specify the nost
severe wind and wind-shear conditions which will occur within a given probability
for all cases in a given season. As the scheduled launch time for a particular
vehicle approaches, it is important to know the most severe conditions which may
occur at this actual launch time. This is particularly important where the
vehicle has been designed to a relatively low-probability wind criterion, such
as the 95-percent and even the 90-percent wind criteria used in many current
space-vehicle systems. A modification of the technique outlined in the previous
section provides launch-criterion profiles for the particular time of scheduled
launching.

Launch-criterion profiles based on measured winds.- Wind measurements are
usually made as near to launch time as possible. However, because of the time
required for measurement, data reduction, analysis, and decision, the final
go/no-go decision must always be based on wind measurements made some time in
advance of the launch time. Thus, the possible variation in winds between the
time of the measurement and the launch time must be accounted for in the launch
criterion. Synthetic profiles which take these changes into account can be con-
structed by substituting appropriate values into equations (1) to (4). The
values to be used in the launch-criterion profile based on wind measurements a
short time before launch are as follows:

(1) For u;, v

i U., and V., the measured values of wu;, Vi, Uuj and

J’ J J’

(2) For Ougr  Ovyo Guj’ and cvj, the root-mean-square (rms) change of the

Uy, and v over the time interval between measure-

v J

wind components u:

i» i’

ment and launch.
(5) For puivi) P .v.? puiuj’ and pviv- the same climatological values

Jdd
used for the design profiles.



The climstologsical correlation coefficients may be obtuined from Yhe cources
Listud in the previous sections. A nwnber of measurement: of Lhe rmas fime choarore
s

are summurized In reference 20U, uand, of course, new vilues miy e tubuloted for
particular locations, heights, and seasons needed.

Launch-criterion profiles baced on wind forecastc.- For planning and sched-
uling purposes, it is desirable to know the probability that wind conditions will
permit luunching well in advance of the scheduled launch time. For periods of
cime longer thun ubout 3 days, = elimatologiczl "forecast" will senerally provide
the best estimute. A synthetic profile for uny pgiven level of probability can be
constructed from climatological data in exactly the same way as the decimm pro-
tiles ure constructed, except thzt the porameters chouen will be those appropri-
ite to the sewson und conditions of the wetusl lounching, which moy not be the
same ag were used in the original vehicle design.

For shorter periods of time, a better eslimate cun be mude by ucing: Torecnst
winds if the standard error (rms error) of the wind forecast is known. Becauce
forecasts of wind velocity are much more zccurate than forecasts of wind shear,
forecast values are used only for the wind at the key level 25

The synthetic profile based on the forecast wind is conctructed by muaking
the following substitutions in equations (1) to (4):

Uj,Vy = Components of forecast wind at height sz

g

U=

o] = 0y, = Standard error of forecast
i i

Py.v. = 0
ul"l

Us, Vi, Ou Oy.s Puy.y.s Ou.u., and o ) are token from appropriate cli-
J J uJ’ VJ’ uluJ’ Vle’ uJVj pprop
matological values.

Application of launch-criterion profiles.- In the section entitled
"Construction of Launch-Criterion Profiles,"” three types of launch-criterion pro-
files were described. These profiles were based on climatological data, on wind
forecasts, and on measured winds. In actual space-vehicle operations they might
be employed as follows:

(1) The profiles based on climatological profiles would be used for long-
range planning and scheduling and, in fact, for all decisions concerning
launchings scheduled more than 3 days in the future.

(2) Profiles based on forecast winds would be used for short-range planning
and scheduling - that is, for periods of time from 1 to 5 days.

(3) Profiles based on measured winds would be used for the final go/no-go
decision., These winds would be measured Just long enough before the scheduled
launch time to permit the necessary load computations.
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EXAMPLES OF STATISTICAL PROFILES

Figure 2 shows the zonal-component synthetic profiles computed by the pro-
cedure described in the previous section for n = 3 (approximately 99 percent)
for the month of March at the Atlantic Missile Range, along with several other
99-percent design profiles from figure 1. The wind distribution parameters used
are taken from reference 21. In this figure the profile has been displaced
slightly to make the 1ll-kilometer peak correspond with the %5,000-foot peak of
the other profiles. The month of March is often considered the windiest month
at Cape Canaveral, and 11 kilometers is near the most critical level for some
vehicles which are of interest. Notice that negative component values are found
at the lower altitudes. This is also true of the 95-percent (n = 2) profiles,
although the 99-percent profile has an algebraically lower value than the
g5-percent profile at the lower altitudes. Features such as these are neces-
sarily lost in a profile based on the magnitude of velocity.

Notice also that although the peak velocity is less than the commonly used
300 feet per second, the difference between the highest wind component and the
lowest wind component is slightly in excess of 300 feet per second. Thus, it
appears that though the statistical model profile is less severe than those
presently in use in some respects, it is more severe in other respects.

Corresponding statistical-model profiles for zonal and meridional components
are shown in figure 3 for a key level of 10 kilometers. Since the mean wind at
the key level of 10 kilometers is negative, the algebraically lowest 99-percent
wind has a larger magnitude than the algebraically highest wind. Thus, a nega-
tive key-level wind, as illustrated in figure 3(b), will produce the most severe
loading, unless the vehicle in question happens to be more critical with respect
to winds from the opposite direction.

Except for the negative peaks and the lower magnitudes, the meridional pro-
file is generally similar in character to the profile for the zonal component.
Notice that in figure 3(b) the sign of the wind component changes at the upper
levels as well as at the lower levels.

Figures 4 and 5 illustrate the changes in the profiles with changing values
of the key level. For the meridional profiles in figure 5, both positive and
negative extreme values are shown. Only the positive values are shown for the
zonal component in figure I, because the extreme negative values of this compo-
nent are very small at Cape Canaveral and are not usually of concern for design
purposes. Notice that the sharpness of the shear spike varies with each change
of key level. This permits a more accurate evaluation of loading at a particular
level than a method which simply "slides" a spike of fixed shape up and down for
different key levels.

In figures 6 and 7 statistical-model profiles are presented for Santa Maria,
California, which is representative of at least a portion of the Pacific Missile
Range. The wind-distribution parameters used are taken from reference 21. These
profiles apply to the month of February, which has the highest 99-percent level
winds at Santa Maria. Several differences between the Santa Maria profiles and
the Cape Canaveral profiles are readily apparent. The largest zonal component



values at Santa Maria are lower than those at Cape Canaveral, and the largest
values of both the zonal and the meridional components occur at lower altitudes
than at Cape Canaveral. Also, at Santa Maria the meridional extreme winds are
of nearly the same magnitude as the zonal extreme winds. Of course, other less
readily apparent differences might produce quite different effects on the simu-
lated flight of a particular vehicle through the profiles.

CONCLUDING REMARKS

A versatile technique based on the Jjoint normal (Gaussian) distribution of
wind components has been presented. This technique makes possible the rapid con-
struction, on a consistent basis, of accurate objective profiles for a wide
variety of specific situations, including variations of location, season, launch
azimuth, and critical altitude. These synthetic profiles can be constructed for
either design criteria or launching criteria. Launch-criterion profiles may be
based on climatological data for long-range planning, on wind forecasts for short-
range planning, and on measured winds for final decisions.

Langley Research Center,
National Aeronautics and Space Administration,
Langley Station, Hampton, Va., April 15, 1963.
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APPENDIX A
DERIVATION OF STATISTICAL-MODEL SYNTHETIC WIND PROFILES

The following derivation is based on the assumption that the joint distri-
bution of wind components at various height levels is a multivariate normal
(Gaussian) distribution. The validity of this assumption is discussed in the
text of this report. It should be pointed out, however, that even if a better
approximation to the actual distribution is found, the present statistical-model
synthetic profile can still be used by means of a normalizing transformation -
that is, the substitution of a derived, normally distributed variable for the
original non-Gaussian variable. The probability density function, or frequency
function, of the joint normal distribution of wind components is

£lusv) = 1 exp (- 1 2) (u - a)’c’

Ou
2mucrmll - pu,v2 % - Py,v

-, _ = _=\2
_ gpu,v u-uyv-v, ( v) (A1)

Because ellipses are formed by the curves of f(u;v) = Constant, this dis-
tribution is referred to as an elliptical normal distribution. If oy = oy and

Pu,v = 0, curves of f(u;v) = Constant become circles; this special case called

a circular normal distribution. The wind-velocity distribution at many locations
can be approximated closely by the circular normal, but for greater generality,
the elliptical form will be considered in the following development. It should
be noted that if the distribution of wind velocity follows the vector normal dis-
tribution given by equation (A1), then the magnitude of the velocity vector, or
wind speed, will not be normally distributed.

In order to specify the statistics of the vertical wind profile, it is nec-
essary to describe the relationship between winds at various levels as well as
the distribution at each level. These relationships are described by interlevel
correlation coefficients. A complete description requires not only the correla-
tions between parallel components at different levels but also the correlations
between the perpendicular components at different levels. The latter, however,
are difficult to compute accurately and contribute relatively little additional
information, so they are usually neglected. They will also be neglected in the
following development.

The joint distribution of parallel components at two different height levels
z3y and Z 3 is given by



f(ui;uj> = %_____w¥_ exp { - 1 — (ui _ ui)‘
- 2 21 - Pyl Ou;
EnouicujJi puiuj ( pdiuj ) i
U, - U; Us - Us u. - TV
Uj Uy 0. 0. oy,
€ J J

and

(43)

- 2p
ViV. O-;.

Thus, if the interlevel cross-component correlations p are neglected, the

U Vs
1
parameters needed to describe the statistical characteristics of the wind profile

are the values of u, Vv, o and o, at each height level and the values of

u’
Py, and Py.v. Tfor all combinations of height levels.
Sty i

Zonal and Meridional Components

In this section a method of constructing synthetic prefiles from the param-
eters of the multivariate normal distribution is developed. Each profile so con-
structed represents a particular component of wind. Profiles are developed for
meridional and zonal components. In the following section profiles for inter-
medizte components will be formed from combinations of these profiles and the
intralevel correlation coefficients P v,

171

In the present method, the construction of the profile is, as usuzl, begun
with the estimate of an extreme value of the wind at some key level zj. (This
key level may correspond to a critical region in the trajectory of a particular
vehicle, such as the transonic region or the region of maximum dynamic pressure,
or profiles may be constructed for several key levels in the region of high
winds.) However, wherc the usual procedure has been to estimate an extreme value
for the total wind speed, in the present method the extreme value of a particular
component is used. The frequency functions of the zonal and meridional compo-
nents are given by the marginal frequency functions of the Jjoint frequency func-
tion given by equation (Al). It is shown in textbooks of mathemsticnl statistics

12



(for example, ref. 23) that these marginal frequency functions are

=
fuy) = ——=— exp -fé- —1—1> (k)

and

Il

1
(Vi) ]5;;- exXp | -3
T!.'O'Vi

—\2
Vi o~ Vi
<—_0___ (A5)

which are univariate normal distributions with means u; and V3 and with
standard deviations oy, and 0oy., respectively. Thus, the desired extreme
i i

values are found by
ui* = T+ noy, (A6)

and

where n 1is the number of standard deviations required to include the desired
probability of occurrence; for example, for a 95-percent probability, n = 2,
and for 99 percent, n = 3.

Wind component values for the additional levels zj are determined by
finding the value which gives the extreme shear between the level 3 and the
key level =z; which will occur together with the extreme wind component value
at z;, for example, the lowest value of uj which will occur 99 percent of the
time if the 99-percent highest value of wu; occurs. Inasmuch as high shears are
generally associated with high wind velocity, this value will usually be larger
than the 99-percent value for all shears in this layer.

Finding this value for Z3j requires a knowledge of the contingent or condi-
tional distribution of the velocity component at z2; given a particular velocity

component at zj. It is shown in statistics texts that the conditional distribu-
tion is given by
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and
-
f(vj:i) = 1 exp (-

JEEUVJ 1 pvlng

.

Equations (A8) and (A9) have the form

and
Vj:i = Vj +
and whose standard deviations are
0’ =
Uye1
and
g =
Vi

Thus, the lower extreme values of uj

upper extreme values of shear between

u*—u
j =

and

1k

N

o I+

_ . o)
U=
. . oI J . T
Us:i - U3 Ui Eaz(ul ul) (38)
A
2
g 1 -~
U puluj
= - J
2\
_— ij P
Vi~ V5T leVj cv_(vl - Vi)
L ) (19)
2
Oy 1 - ViVj
— -

of normal distributions whose means are

ey -5 (410)
Py 11, —-(u. - u.> Al
Uy Uy Ouy 1 1
Uvj
1
2
o, . |1 A12)
u, Pusu; (
2
o ./l - Py.v, (A13)
& pleJ
. and Vj,i (which correspond to the
zj and zy) are given by
= U377 - nouy,; (A1k)
- - oy (a15)



and substituting from equations (A10) to (Al3) yields

a
u
* — J * — 2
+ —=[u;” - u; ) - noy.jL - Al6
puiuJ o—ui ( 1 l> uJ puiuj ( )

e

and

* Vj( * ——> 2
v, =V, +p —<(v." - ¥v,) -ng, |1 - p (A1T)
3 3 Vivy Oy \d i vy ViV

Inasmuch as the u;* and v3* are the extreme values wu; and vy, substituting
equations (A6) and (A7) in equations (Al16) and (Al7), respectively, yields

uj* = u: + nouj<puiuj -‘/l - puiuj2> (A18)

¥ — 2
vy o=yt ncv-(év-v- -1 - pvivj ) (A19)

[}

and

<
()

dJ 1J

Equations (A18) and (Al9) provide a means for rapidly constructing the pro-
files for the zonal and meridional components from the parameters of the multi-
variate normal distribution. Note that if 1 = j, then p =p = 1, and

uiu:] ViVJ-
equations (A18) and (Al9) reduce to equations (A6) and (A7). Also notice that
equations (A6), (A7), and (Al6) to (A19) yield the largest algebraic values of
key-level wind and the lowest algebraic values of wind at other levels; thus,
these equations yield the highest algebraic values of wind shear which will occur
within the desired probability level. This value will correspond to the extreme
magnitude of wind and shear if, and only if, the sign of T or ¥j 1s positive.
If extreme values of the magnitudes are desired, as wlll very often be the case,
they can be found from equations (A18) and (A19) by assigning n the same sign

as ﬁ; or V;.

Intermediate Components

Usually the wind components which are of interest will be the components
parallel with and perpendicular to the line of flight of the vehicle. Since
these are not necessarily north-south or east-west components, a method for con-
structing synthetic profiles for intermediate components is also needed.

Consider a right-hand orthogonal system with velocity components a and b
where the b-axis is directed at angle 8 clockwise from true north. TFor example,
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if 6 1is the down-range direction, the component b represents a tail-wind
component and the component a  represents a cross wind from left to right.
These components can be expressed in terms of u and v Tty

a =ucos 8 - v sin @ (A20)
and

b =usin 8 + v cos 8 (A21)

These tranformation equations could, of course, be applied to the raw wind
data and new wind distribution purametcrs computed. However, it seems more
degiruble to develop profiles directly from the distribution parameters for the
standard zonal and meridional components, so that profiles for any Lliunch azimuth
cun be quickly constructed from a compact set of wind statistics.

A derivation of the mean and standard deviation of intermediate-tixic compo-

nents is given in refercnce 16. In the notation and sign convention of the
present report the means are

a =Ucos - v sin 8 (a22)
and

b=usin 8 + v cos 8 (A23)

and the standard deviations are

Oy = J(Gu cos 8)2 - gpu,vduov cos B8 sin 8 + (gv sin 8)2 (AEM)

and

Op = V&cu sin 9)2 - Epu,vcugv sin @ cos 8 + (oy cos 9)2 (A25)

For the key altitude level z; the extreme values are

o

a:* = a7 + nog, (A26)

and

b-* = _l + noy, (A27)
1

g

and are found by simply substituting values from equations (A22) to (A25) into
equations (A26) and (A27):

16



— — o o oD o
4y = u; c0os 8 - vs sin 89 + ndgu“corLg + 0, “cin®d 2
: i

ot
<

- 20y .y.0,,.0,. ©in 8 cos O
b i Ujvi gt Vg
(A28)
* —_— — 2.2 2 2 ~ .
by = u; sin 8 + vy cos 9 + n cr,i,L cin®8 + o cos”8 + ‘pu:viaulcv« cin 9 coo B
€
(A29)
: c s % ) .
For the additional levels 23 the extreme wvalue 43 is found 2o follows:
(1) s ie projected onto the u- snd v-uxen.
(2) The conditional means and conditional ctandard deviations ol uj wund
.
V3 #iven these projected valucs of wu; and v;, arc Tound as before.
(5) Theee values, along with the cross-component correlation o . at
J'd
heirht 2, are substituted Into equationz (A22) and (A24) to find the condi-
> J)
“ional mean and conditional standard deviation of B3.
E <
(4) The extreme value aj  1is found from
%
i = d..: - N0, . . (A30)
J Jii 234
The result of this procedure is
[+ [+ ¢}
* —_ — * U 2 v 2 - v ____V_J
aj = Uj cos o - V3 sin 8 + ay (Ouiu,j -E:il cos“8 + DV:LVJ E;— sin<8 puiuj U cos 0 Vipviv‘j °vi sin 8

2 2
-n <auj ’1 - puiufcos 9) - 20“;1"3 Guj - Py 2cos 9><°vj’ 2sin e) + ("vj 1- pvivJESin a) (a31)

where the i 1is given by equation (A28).

Following this same procedure for the component b gives

b =uy sin ® + v, cos B + b * Uud sinze + p Uvj cos®8 UuJ v 2]
= —_ —d - cos
J J J i pu-j_u‘j Ou, Vivy oy,

4 I A1
> (uipu_luj Uui sin 8 + vipvivj cvi

- n (c'uj ’l - puiujesin e>2 + 20“3"3(qu ‘l - ouiuJZSin 9> (ij 1 - pvingcos 9> + <GVJ ’l - pvivjecos 8)2

% .
where by is

(a32)

miven by equation (A29)
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As was the case with the zonal and meridional components, these equations
yield the extreme algebraic values. These values correspond to the extreme tail-
wind nnd left-to-right cross-wind components. Head-wind sand rizht-to-left cross-
wird components can be found by a 180° change in 6.
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APPENDIX B
CONFIDENCE LIMITS FOR SYNTHETIC WIND PROFILES

Whenever a statistical estimate is made it is of interest to know the range
of variability of the estimate. From equation (5) in the text it can be seen that
errors of estimate of the extreme values uy may originate in the estimation of

EE, Oy., and  p; Ik For the purpose of determining confidence limits it will be
2

assumed that (1) the distribution of the estimates of ﬁg and ouj can be ade-

quately approximated by normal distfibutions, (2) Pi, 3 can be normalized by the
J

usual transformation (see ref. 23),
o = tanh 2 (Bl)

(3) errors of estimate of u:, 0Oy,., and py j are independent, and (4) the total
J )

error of estimate is normally distributed with zero mean. Thus, the confidence
limits for uj will be given by wuy t ncuj. Under the transformation of equa-

tion (Bl), equation (5) becomes
kS N
uy’ = Ty + noy, (tanh Zj 3 - sech Zi)j> (B2)
and the error of estimate is
-y = el 2. . .. A A
C(uJ ) C(uJ> + oy (sech Zi,3 + tanh Z; 3 sech u1“])<—:(Z1)J)
+ n(tanh Z - sech Z)e(au_> (B3)
J
Again, the inverse transformation of equation (B1l) yields

(%) = o(Ty) + nou(1 - 2 + ofl - #P)e (2, 5) + ae - 1= F)elon,) @

and the variance of Uu,* is
J
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2 2
*\7 _ A 2 2. 2(y _ .2 ’ _ A2 2
<qu > e(uJ ) = O‘IT_ + n<oy, (l PT + pyl D )Uzi,j

3 J
5 { 2\ 2
+n ( -yl -0p ) Oouj (35)

Under the previously listed assumption, the standard deviation of UTs: is

J
a
u-
O = —J (B6)
J ﬁ
The otoandord deviation of Zi.j is
1 1
07, , = ——m— ~ (BT)
TS W
and the standard deviation of cvj is
Oy.
oy

and substituting equationi (B6), (B7), and (B8) into equation (B5) gives the

standard deviation of uj

Oy . ﬁ
* 3 2 2 3 2

o ., =—4 1+n2<—+p 1-op -0 - 2p 1 - o (B9)
u; = us 2. .U s S U s .U . LU s
3 ’N a dluJ uluJ uluJ UlU_J U.}VUJ

Similarly, the standard deviation of v s given by

. oy, — s
oy, =L Nend(2ep hop F_p Pl 3L, 2} (i)
J ﬁ 2 VlVJ leJ VlVJ V:LVJ VlVJ

Equations (B9) and (B1O) allow the computation of confidence limits for any
desired degree of confidence for the north-south and east-west component pro-
files. The derivation of the standard deviations of the intermediate components



is more complicated; however, the values will generally be on the order of those
for the meridionzl and zonal components.

In figure 8(a) the 99-percent profile for the 1O-kilometer key level for
the month of March at Cape Canaveral is shown aguin, together with the upper and
lower confidence limits for the actual profile computed by equation (B9).

Tt would be of interest to compare these confidence limits with confidence
limits for empirically constructed profiles which make no assumption concerning
the form of the distribution. However, it is not possible to determine the upper
confidence 1limit for such a profile, even for the key-level value, because the
largest value of a sample of 560 observations is required (ref. 24) and the
available sumple contains only 385 observations. This illustrates the difficulty
of making precise, stable estimates concerning low-probability occurrences from
the amount of wind data available unless a model distribution is used.

Because the variable under consideration is serially correlated, the true
confidence bands are actually somewhat wider than those shown in figure 8. (see
ref. 18.) The serial correlation coefficients for Cape Canaveral were not avail-
able; however, serial correlations for other Florida stations taken from refer-
ence 22 indicate that the increase might be between 25 percent and TH percent.

On the other hand, it should be noted that if the distribution parameters were
recomputed using all the additional Cape Canaveral wind data which have been
acquired up to the present time, the value of N would be about doubled,

bringing about a 30-percent decrease in the width of the confidence bands. Thus,
the confidence limits shown here and in the following figures represent a realis-
tic estimate of the approximate accuracy which can be achieved by the statistical-
model technique, even when the effects of serial correlation are congsidered.

Figure 8(b) shows the meridional corresponding component 9G-percent profile
with 99-percent confidence limits, and figures 9(a) and (b) show, respectively,
the zonal and meridional component 95-percent profiles each with 95-percent con-
fidence limits. Comparison of the figures shows that the confidence bands for
the two components are roughly equal at all altitudes. The increased width of
the confidence bands at the higher altitudes is largely a result of decreased
sample sizec at these altitudes. As might be expected, the 95-percent confidence
bands about the 95-percent profiles are considerably narrower than the 99-percent
confidence bands about the 99-percent curves.
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